Wave attenuation over seabed mud modeled by a two-layered viscoelastic model by Xia, Y.Z.
 538 
 
 
Proceedings of the 7th International Conference on Asian and Pacific Coasts  
(APAC 2013) Bali, Indonesia, September 24-26, 2013 
 
 
 
WAVE ATTENUATION OVER SEABED MUD MODELED BY  
A TWO-LAYERED VISCOELASTIC MODEL 
 
Y-Z. Xia 1 
 
 
ABSTRACT: In coastal areas, wave-mud interaction is an important mechanism of wave attenuation. The present study 
on mud-induced wave attenuation is settled in a system composed of an inviscid water layer and a mud layer, in which 
the mud layer is modeled by a two-layered viscoelastic model. In the two-layered model, the upper layer is described by 
a Maxwell model, which is fluid-like; the lower layer is described by a Kelvin-Voigt model, which is heavier, and solid-
like. Including the influence of the two-layered mud model, a new set of Boussinesq-type equations for shallow water 
waves is established. Degenerating to the case of a single-layered mud model, the Boussinesq-type equations are 
equivalent to the results in literatures. Applying the Boussinesq-type equations to one-dimensional waves, the 
attenuation of linear sinusoidal waves and a solitary wave are studied. For linear sinusoidal waves, the damping rates 
are calculated and are found consistent with literature results. The damping is dominated by the lower mud layer, which 
is much thicker. The influence of the upper mud layer is important near resonance. For a solitary wave, an evolution 
equation of the wave amplitude is obtained. The attenuation of a solitary wave is again dominated by the lower mud 
layer and the influence of the upper mud layer is small. 
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INTRODUCTION 
Seabed mud is a natural cohesive suspension of 
sediment grains and flocs containing minerals and 
organic matter. Seabed mud can dissipate the energy of 
shallow-water waves effectively (Sheremet and Stone 
2003). As an important mechanism of wave attenuation, 
the wave-mud interaction has been extensively studied 
by coastal engineers for decades. 
In many studies, the problem of wave-mud 
interaction is modeled by a two-layered system of water 
and a muddy seabed. The water viscosity is considered 
by some researchers (Dalrymple and Liu 1978; Ng and 
Zhang 2007) while others neglect it (MacPherson 1980; 
Mei et al. 2010). Liu and Chan (2007) found that the 
influence of water viscosity is so small that it can be 
ignored in the problem of wave attenuation. Hence in 
this investigation, we treat the water as an inviscid fluid. 
Predictive approaches for determining the wave 
attenuation are dependent on the knowledge of the 
constitutive properties of mud. Since the properties of 
the mud layer varies from site to site, kinds of rheology 
models have been proposed, such as the Newtonian 
model (Dalrymple and Liu 1978; Gade 1958; Liu and 
Chan 2007), the Kelvin-Voigt model (MacPherson 1980; 
Ng and Zhang 2007), the Bingham-Plastic model (Chan 
and Liu 2009) and the Maxwell model (Xia and Zhu 
2010). Mei et al (2010) even used a generalized 
viscoelastic model to describe viscoelastic mud with 
complex behavior. 
The above models treat the mud as a single-layered 
fluid. However, sharp density gradient is observed in the 
muddy seabed, indicating that a stratified model should 
be better (Mehta et al. 1994). Mehta (1994) found that 
the muddy seabed is composed of three layers: the 
stationary layer is at the bottom and uninfluenced by the 
wave motion. The deforming layer lying above the 
stationary layer is a structured matrix and deforms like a 
solid undergoes the wave motion. The fluid mud layer is 
the layer on the top. In this layer, wave-induced 
deformation may eventually break the inter-aggregate 
bonds and change the bed possessing a structured matrix 
to a fluid mud. From bottom to the top, the mud 
viscosity increases, the mud density and mud elasticity 
decrease. Piedra-Cueva (1993) used a stratified Kelvin-
Voigt model to describe the muddy seabed. In different 
layers, different parameters of the Kelvin-Voigt model 
are used (Piedra-Cueva 1993). However, as showed by 
Jain and Mehta (2009), as a solid-like viscoelastic model, 
Kelvin-Voigt model may not suitable for the fluid mud 
layer on the top (Jain and Mehta 2009). For the fluid 
mud layer, viscoelastic fluid or viscous fluid models are 
better choices. Hence in the present study, the muddy 
seabed is described by a two-layered viscoelastic system: 
In the fluid mud layer, the mud is modeled by the 
Maxwell model, which is a viscoelastic fluid. In the 
deformable mud layer, the mud is modeled by the 
Kelvin-Voigt model, which is often suitable to describe 
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solid-like mud with residual stress (Maa and Mehta 
1988). The stationary layer is treated as a rigid bottom. 
Many studies of wave-mud interactions are based on 
sinusoidal waves, in which a complex viscosity of 
seabed mud is introduced (Mei et al. 2010; Ng and 
Zhang 2007). However, this method for sinusoidal 
waves cannot be extended to solitary waves, which also 
appear in near-shore areas. As pointed out by Mei et al. 
(2010), the Boussinesq-type equations given by Liu and 
Chan (Liu and Chan 2007) (hereinafter referred to as LC) 
may overcome the above defects. The Boussinesq-type 
equations given by LC describe the propagation of weak 
nonlinear waves over a layer of Newtonian mud. As an 
application, They found an evolution equation of the 
amplitude of a solitary wave and their results has been 
verified by the experiments of Park et al (Park et al. 
2008).  
The objective of the present work is to extend LC’s 
work to a two-layered viscoelastic mud model and study 
the wave attenuation. In section 2, the Boussinesq-type 
equations are set up by an approach combining the 
perturbation analysis of LC and the Laplace 
transformation. In section 3, the Boussinesq-type 
equations are applied to one-dimensional sinusoidal long 
waves and a solitary wave. For linear long waves, the 
damping rates are obtained and verified. For a solitary 
wave, the evolution equation of wave amplitude is given. 
Concluding remarks are made in section 4. 
 
MATHEMATICAL FORMULATIONS 
The water-mud system is illustrated in Fig. 1. The 
Cartesian coordinates are set on the surface of still water, 
with the x’-axis pointing to the right and the z’-axis 
pointing upwards. The y’-axis pointing into the paper 
plane is not shown in the sketch. The free surface 
displacement    is a function of horizontal coordinates 
 ,x y   and the time t’. The free-surface wave is 
characterized by its amplitude 0a  and wave length 0l . 
The thickness of the water layer is h’ and water density 
is w . The water is assumed to be inviscid and its 
motion is further assumed to be irrotational. The 
interfacial mixing is also ignored. The muddy seabed is 
described by a two-layered model, of which the 
thickness of the upper mud layer and the thickness of the 
lower mud layer are 1d   and 2d  , respectively. In the 
upper layer, mud has a density m1 , and is modeled by a 
Maxwell model, which is composed of a dashpot and a 
spring in serials. The dynamic viscosity of the dashpot 
and the elastic modulus of the spring are identified as 
m1  and m1G , respectively. The constitutive equation of 
the Maxwell model is 
 
  
m1,
m1,
m1 m1
1 1 ij
ij
e
G t t


 
  
     
 (1) 
 
where m1,ij   and m1,ije  are components of the shear stress 
m1
  and the shear strain m1e . In the lower layer, mud has 
a density m2 , and is modeled by a Kelvin-Voigt model, 
which is composed of a dashpot (represented by m2 ) 
and a spring (represented by m2G ) in parallel. The 
constitutive relation of the Kelvin-Voigt model is 
 
   
m2, m1 m2 m2,ij ijG e
t
 
 
     
.           (2) 
 
where m2,ij   and m2,ije  are components of the shear stress 
m2
  and the shear strain m2e . 
 
 
Fig. 1: Water-mud system in x’-z’ plane 
 
In the water layer, the nondimensionalization takes 
the form 
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where wu  and ww  are the dimensionless water velocity 
on horizontal plane and in the vertical direction, 
respectively. The variable  is the dimensionless 
dynamic pressure of water. The two dimensionless 
numbers  and  denote the strength of the frequency 
dispersion and the nonlinear effect, respectively. 
In the upper mud layer, the nondimensionalization 
takes the form 
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In the lower mud layer, the nondimensionalization takes 
the form 
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where 1  and 2  are vertical coordinates within the 
upper mud layer and the lower mud layer, respectively. 
Vectors m1, z  and m2, z  are dimensionless shear stresses 
on the horizontal plane in the upper mud layer and the 
lower mud layers, respectively. The variables  m1 m1,wu  
and  m2 m2,wu  are dimensionless mud velocities in the 
upper mud layer and in the lower mud layer, respectively. 
The dimensionless numbers 
2
1  and 1  are the inverse 
of the Reynolds number of the upper mud layer and the 
dimensionless relaxation time of the Maxwell model, 
respectively. The dimensionless numbers 
2
2  and 2  are 
the inverse of the Reynolds number of the lower mud 
layer and the inverse of the dimensionless retarding time 
of the Kelvin-Voigt model. 
Based on (3), (4) and (5), Boussinesq-type equations 
in the dimensionless form will be set up by combining 
the perturbation analysis of LC and the Laplace 
transformation. 
 
Review of LC’s Approach 
The basic assumption adopted by LC is 
 
 (6) 
 
for a single-layered Newtonian mud ( 1 0  , 2 0d  ). 
The assumption    2~O O   is the Boussinesq 
approximation and the assumption    21 ~O O   
indicates that the viscous mud influence is weak 
compared to wave nonlinearity. The assumption 
   1 ~ 1O d O  indicates that the thickness of mud layer 
is the same order of the thickness of viscous layer. In this 
investigation, the same assumption (6) is adopted in this 
investigation for the upper mud layer of Maxwell model, 
with 1  restricted in the interval [0,  2] , which is suitable 
for the fluid mud with low elasticity. For the lower layer 
of the Kelvin-Voigt model, it is assumed that 2 1  , 
2 1  ,  1 2 ~ 1d d O , and  2 ~ 5O , which is 
consistent with parameters in (Ng and Zhang 2007) and 
is suitable to describe the deformable layer with higher 
density, lower viscosity, higher elasticity and larger 
thickness.  
By perturbation analysis in the water layer, LC 
presented a set of Boussinesq equations in the traditional 
form 
 
   41 m101 ,w O
t
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
      
 u   (7) 
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      
  
   
u u
u u , (8) 
 
where the nabla operator  ,x y      is the 
horizontal gradient. The depth-averaged horizontal 
velocity of the water layer  , ,x y tu  is defined as 
 
 
2
2 4
b b
1
1
d
6
z H O
H
 


    u u u u ,             (9) 
 
where 1H    is the water layer thickness and bu  is 
the horizontal water velocity on the water-mud interface, 
which can be viewed as a horizontal plane according to 
LC. The source term m10w  appearing in the continuity 
equation (7) is the vertical mud velocity on the water-
mud interface. This velocity m10w  should determined by 
solving equations for mud motions. 
The governing equations for the motion of mud in the 
upper mud layer are 
 
 m1m1 1 1
1
0, 0
w
d 


     

 u ,      (10) 
 
    m1,m1 1 m1 1 1
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z
p O d
t
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    m1 1 1 1 1
1 1
, 0
p
O d

 
  

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
                 (12) 
 
in which only the leading order motion is considered. 
Since m1p  is constant along the vertical direction as 
indicated by (12), m1p  can be approximated by the 
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gradient of water pressure bp  on the interface, which 
yields 
 
    2bm1 b 1 1, 0,p p O d
t t
 
 
       
 
u u
   
(13) 
 
in which the convection term is neglected. 
The shear stress m1, z  is related to the velocity field 
by the constitutive equation of Maxwell model 
 
   m1, 2m1m1, 1 1 1 1
1
, 0,
z
z O d
t
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


 
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u
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Equation (14) could be expressed in the form 
 
     2m1m1, 1 1 1
1 1
1
,
1
z t O t
t

 


    
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u
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Substituting (13) and (15) into (11) yields 
 
   
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1
, 0t O d
t t
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u
L u (16) 
 
which is the governing equation of m1u . 
The governing equations for the motion of the lower 
mud layer can be deduced in the same way, 
 
m2
m2 2 2
2
0, 0
w
d


    

 u , (17) 
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in which 
 
   
1
2 21t t

    L            (19) 
 
is the expression for the linear operator  2 tL  of the 
Kelvin-Voigt model. 
The boundary conditions at the mud-water interface 
are 
 
m10 m1 1, 1, 0, at 0m zw w              (20) 
 
The continuity conditions at the interface of the two 
mud layers are 
 
 
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1 m1 2 m2 1 1 2 2
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The continuity condition of pressure has already been 
used to obtain equation (18). 
The boundary conditions at the mud bottom are 
 
  m2 m2 20, 0, at 0w   u   (22) 
 
In this investigation, we further assume that there is 
no residual stress and no mud motion at the initial time 
0t  , as the initial condition, which is consistent with 
LC and (Xia and Zhu 2010). 
 
Solutions for the Leading-order Mud Motion 
The horizontal mud velocities m1u  and m2u  can be 
solved from governing equations (16), (18) and 
boundary conditions (20) ~ (22) independently. Once 
m1u  and m2u  are determined, the vertical velocities m10w  
at the mud-water interface can be obtained by integration 
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Introducing the Laplace transformation 
 
       
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for a function f . Applying the Laplace transformation 
to equations (16) and (18) yields 
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Applying the Laplace transformation to (20) ~ (22) 
yields the boundary conditions for m1u  and m2u , which 
are 
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    m2 20, at 0 u   (29) 
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The solution of equations (25) satisfying boundary 
conditions (27) is 
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 
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The solution of equation (26) satisfying boundary 
conditions (29) is 
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For convenience, the real part of 1 2,  p p  is positive. The 
coefficient 1A  and 2B  can be obtained by substituting 
(30) and (31) into (29)  
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where 2 1 1 2C      and  
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Substituting (30) and (31) into (23) yields 
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           
    
  

u u
u
  (34) 
 
with 
  
 
 
 
 
     
 
 
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 
   
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1 1 1
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1
2 1 2 1 2 2 2 1 1
2 2 2 2 2
2 2
2 2
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2 2 1 1 2 2
1
2 1 1 1 1 2 2
sinh
cosh sinh
,
sinh cosh 1
cosh sinh
2 sinh cosh 1 ,
P s p d
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sR s sp
p p d p d
R s
P s p d p d
I s B
sR s sp sp
C p p d p d
R s
p p d p d
   


 



 
   

  
 
    
 (35) 
The inverse Laplace transformation of m10w  is 
 
  
   
     
* * *
m10 1 *0
2 2
1 2
1 1
2 2
1 2
1 1
d ,
,
,
t
w t d I t t t
t
d d d
I t I t I t

 
 
 
 

       
 
 
 u
 (36) 
 
in which the functions 1I , 2I  are inverse Laplace 
transformations of functions 1I , 2I  in (35). Substituting 
(36) into (7) yields 
 
 
 
   4 ,d I t O
t t

  
 
         
u
u

  
 (37) 
 
in which the asterisk denotes the convolution. Equations 
(8) and (37) are the Boussinesq-type equations.  
To determine the function  I t , inverse Laplace 
transformations of functions  1I s  and  2I s  should be 
find. The inverse Laplace transformations of 1I  and 2I  
do exist, since 1I  and 2I  tends to 
1s  when s tends to 
infinity. The inverse Laplace transformations and can be 
computed by adding the residuals of 1I  and 2I  at poles. 
Since all the non-zero roots 1 2 3, , ..., ,...ns s s s  of 
  0R s   are simple poles, the inverse Laplace 
transformation of 1I  and 2I  are 
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  

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
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
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  (38) 
in which 
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  (39) 
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When 1 0d   or 2 0d  , which is the case of a single 
layered mud model, analytical solutions of the equation 
  0R s   can be obtained and ns , 1I  and 2I  can be 
expressed explicitly.  
For example, in the case of a single-layered 
Maxwell model ( 2 0d  ), I  degenerates to 
 
 
 11 1 12
1 1 1 11 1
2
1 1 1 1
1 1
sinh1
2 cosh exp ,
2 2
1 1
with ,       1 4
2 2
n
n
n nn
n n n
t t
I I d t
d b
b n b
d


 

 



   
      
  
 
    
 

 (40) 
 
which is consistent with equation (2.41) in (Xia and Zhu 
2010). The comparison is showed in panel (a) and (b) of 
Fig. 2. 
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Fig. 2 (a): comparison of the equation (2.24) in LC 
(circles) and I (solid lines) at 
2 0d   and 1 0.01  . (b): 
comparison of the equation (2.41) in (Xia and Zhu 2010) 
(circles) and I (solid lines) at 
2 0d   and 1 1.0d  . (c): 
comparison of the equation (2.24) in LC (circles) and I 
(solid lines) at 
1 0d   and 1 0.  . (d): comparison of 
the equation (29) in (Xia and Zhu 2012) (circles) and I 
(solid lines) at 
1 0d   and 2 2.5d  . 
 
In the case of a single-layered Kelvin-Voigt model 
( 1 0d  ), I  degenerates to 
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which are consistent with equation (29) in (Xia and Zhu 
2012). The comparison is showed in panel (c) and (d) of 
Fig. 2. 
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Fig. 3 (a): poles of the   0R s   on the complex plane 
for 1 0.5d  (circles), 1 1.0d  (void circles) and 
1 1.5d  (diamonds). (b): The corresponding curves of 
( )I t . Other parameters are 1 0.05  , 1 0.001  , 
1 0.9  , 2 5.0d  , 2 5.0  , 2 0.0005   and 1 0.8  . 
 
Generally,   0R s  is solved numerically. The roots 
can be divided into two categories: category 1 is 
composed of complex roots, whose real parts tend to 
 11 2  when the imaginary parts tend to infinity. 
These roots are near the poles of a single layered 
Maxwell model with mud depth 1d  and relaxation time 
11  . category 2 is composed of complex roots with real 
parts in the interval  2 ,0 , and real roots, which are 
near 2  or tend to  
2 2 2
20.5n d . These roots are 
near the poles of a single layered Kelvin-Voigt model 
with mud depth 2d  and retarding time 2 . Fig. 3 
illustrated the distribution of roots of =0 in the complex 
plane and the curves in a case of a thin viscous fluid-like 
mud layer on a thick heavy solid-like mud layer with 
weaker viscosity and stronger elasticity. Changing 1d  
will not change the roots in category 2, but will change 
the roots in category 1.  
 
APPLICATIONS TO 1-D WAVES 
For one-dimensional waves, the Boussinesq-type 
equations (8) and (37) can be simplified to 
 
  
 
   * * 41 1 *0
1
d ,
t
u
t x
d I t t t O
x t


 


 
     
 
       
u
 (42) 
 
    
2 3
4
23
u u u
u O
t x x x t
 
 
   
   
    
, (43) 
 
We then apply (42) and (43) to linear sinusoidal waves 
and a solitary wave. 
 
Linear Sinusoidal Waves 
For linear sinusoidal waves, the nonlinear parameter 
  is zero. (42) and (43) are simplified to 
 
   * * 411 *0 d ,
tu
d I t t t O
t x x t

 

   
          
u
 (44) 
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2 3
4
23
u u
O
t x x t
 

  
  
   
, (45) 
 
We introduce a moving frame 
 
   0 ,x x t t                    (46) 
 
Substituting (46) into (44) and (45) yields 
 
 
2 3 3
* *1
2 30
1
d ,
2 6
t
d I t t t
    
    
    
         
  (47) 
 
The sinusoidal solutions of (47) are 
 
     i i r i, , ,a e a e
            (48) 
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Fig. 4 (a): comparison of the damping rate i   of the 
present model to the results of a single-layered Kelvin-
Voigt model (Ng and Zhang 2007), where 1 0.001d  ,  
1 0.05  , 2 =0.07, 0.44 and 1.75. (b): comparison of 
the damping rate i  of the present model to the results 
of a single-layered Maxwell model (Xia and Zhu 2010), 
where 2 0.001d  , 2 5.0  , 1 =0.07, 0.44 and 1.75. (c) 
the damping rate i  as a function of 1d  with 1 0.05  , 
2 5.0  . (d) the damping rate i  as a function of 1d  
with 1 0.05  , 2 5.0d  . (e) the damping rate i  as a 
function of 2d  with 1 0.05  , 2 6.0  . (f) the damping 
rate i  as a function of 2d  with 1 0.05  , 
1 1.0d  .Other parameters are 1 0.001  , 2 0.0005  , 
1 0.9   and 2 0.8   
 
in which the dispersion rate r  and the damping rate i  
are obtained by substituting (48) into (47) 
 
 
   
   
3 3
* 1
r r
0
1
i
0
sin d ,
2 6 6
cos d .
2
t
t
d q I q q
q I q q
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 
 


            

   



 
 (49) 
 
where the “ 3 6  ” term is the dispersion rate due to 
water layer depth. The dispersion rate r  and the 
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damping rate i  due to the mud layer will tend to 
constants after periods of wave action 
 
   
   
2
1
r
0
2
1
i
0
sin d ,
2
cos d ,
2
N
N
d q I q q
N
q I q q






         

  



  (50) 
 
Fig. 4 illustrates the damping rate as a function of 
different parameters. In the panel (a), the thickness of the 
upper mud layer is very small ( 1 0.001d  ) and the 
present work is consistent with the results of a single-
layered Kelvin-Voigt model (Ng and Zhang 2007). In 
the panel (b), the thickness of the lower mud layer is 
very small (
2 0.001d  ) and the present work is 
consistent with the results of a single-layered Maxwell 
(Xia and Zhu 2010) . It is proved that the present results 
can degenerate to results of a single-layered model.  
In panels (c) and (d) of Fig. 4, the present work 
focuses on the influence of the thickness of the upper 
mud layer. It is found that when 1d  increases from zero 
to about 0.5, the damping rate decreases significantly. 
An explanation is that the damping is dominated by the 
lower mud layer because the lower layer is much thicker 
than the upper layer. However, the existence of the thin 
upper layer significantly weakens the motions in the 
lower mud layer, thus weakens the energy dissipations in 
the lower mud layer. It is also found that When 1d  
increases from about 0.5 to about 1.5, the damping rate 
increases slightly. An explanation is that since 1d  is 
comparable to 2d , the contribution of energy dissipation 
of the upper mud layer becomes important. In this case, 
when 1d  increases, the energy dissipation in the upper 
mud layer increases and the the damping rate increase. 
In panels (e) and (f) of Fig. 4, the present work 
focuses on the influence of the thickness of the lower 
mud layer. It is found that resonances occurs when 2d  is 
near a certain value 2-Rd . The panel (e) shows that the 
increase of 1d  not only weakens the resonance motion in 
the lower mud layer significantly, but also decreases the 
peak position 2-Rd  for given 2 .  The panel (f) shows 
that the damping of near the resonance is stronger when 
the mud in the lower layer has a higher elasticity 2 . 
The peak position 2-Rd  increases as 2  increases.  
 
 
 
 
 
 
 
 
Solitary Wave 
The same move frame given by (46) can be induced. 
Substituting (46) into (42) and (43) yields 
 
   
 
2 3
3
2
* *1 1
20
3 1
2 6
d ,
2
t
d I t t t
   

   
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  
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 
  
  
    
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
  (51) 
 
Following LC, we introduce new variables   and   by 
 
   * *d ,
2
a t
 
      
 
      (52) 
 
and assume that the solitary solution of (51) is of the 
form 
 
   2 3sech
2
a
a  
 
  
 
. (53) 
 
The evolution equation of the amplitude ( )a   can then 
be derived from the solvability condition (see LC for 
detail) 
 
  
   
 
3 2 2 4 *
1
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*
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d 3
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a R R R
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 
     (54) 
 
The integral-differential equation (54) is solved 
numerically and the evolution of the wave amplitude is 
shown in Fig. 5  
 
0 1 2 3 4 5 6 7 8 9 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
ξ
a
(ξ
)
Solitary wave amplitude a(ξ) as a function of time ξ
 
 
d
1
=0.5
d
1
=1.0
d
1
=1.5
d
1
=2.5
(a)
 
 
 
Wave Attenuation Over Seabed Mud Modeled by a Two-Layered Viscoelastic Model 
 
 
547 
 
0 1 2 3 4 5 6 7 8 9 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
ξ
a
(ξ
)
Solitary wave amplitude a(ξ) as a function of time ξ
 
 

2
=3.0

2
=4.0

2
=5.0

2
=6.0
(b)
 
0 1 2 3 4 5 6 7 8 9 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
ξ
a
(ξ
)
Solitary wave amplitude a(ξ) as a function of time ξ
 
 
d
2
=2.5
d
2
=3.5
d
2
=4.5
d
2
=5.5
(c)
 
0 1 2 3 4 5 6 7 8 9 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
ξ
a
(ξ
)
Solitary wave amplitude a(ξ) as a function of time ξ
 
 

2
=0.0001

2
=0.0003

2
=0.0005

2
=0.0007
(d)
 
Fig. 5 Wave amplitude as a function of the slow-
varying time   for (a) 1 0.05  , 2 5.0d  , 2 5.0  , 
4
2 5.0 10
   and 1d  0.5, 1.0, 1.5, 2.5; (b) 1 0.05  , 
1 1.0d  , 2 5.0d  , 
4
2 5.0 10
   and 2 3.0, 4.0, 5.0, 
6.0; (c) 1 0.05  , 1 1.0d  , 2 5.0  , 
4
2 5.0 10
   
and 2d  2.5, 3.5 4.5, 5.5; (d) 1 0.05  , 1 1.0d  , 
2 5.0  , 2 5.0d  , 2  1.0×10
-4, 3.0×10-4, 5.0×10-4, 
7.0×10-4. Other parameters are 1 0.001  , 1 0.9   and 
2 0.8  .  
 
In the panel (a) of Fig. 5, the increase of upper layer 
thickness 
1d  slightly strengthens the attenuation of the 
solitary wave. In the panel (c) the influence of the 
parameter 
2d  is not significant, compared to the case of 
sinusoidal waves, as illustrated in the panel (e) of Fig. 4, 
that’s because for sinusoidal waves, wave damping is 
strong near resonance, which is sensitive to mud layer 
depth. However for a solitary wave, the attenuation is 
less sensitive to mud depth. As expect, wave attenuation 
is very sensitive to the viscosity of the lower mud layer, 
as illustrated in the panel (d) of Fig. 5. This indicates that 
the attenuation of a solitary wave is dominated by the 
lower mud layer since it is much thicker than the upper 
layer. It is noted that in the panel (b) of Fig. 5, four 
curves intersect. For mud with high elasticity, the wave 
amplitude may decrease very quickly at the very 
beginning, since wave energy is absorbed as the elastic 
potential energy of the lower mud layer. When the wave 
crest past, the stored energy is released and weaken the 
wave attenuation. Hence for lager 2 , the curve of the 
evolution of wave amplitude is shaper at the very 
beginning and more gentle after the wave crest. That is 
why the four curves intersect in the panel (b). 
 
CONCLUDING REMARKS 
In the present work, the attention of waves over a 
muddy seabed described by a two layered viscoelastic 
mud model has been investigated. Based on the water-
mud system, an analytical approach combining the 
perturbation analysis of LC and the Laplace 
transformation is used to set up Boussinesq-type 
equations, in which the leading-order influence of the 
seabed appears as a source term in the continuity 
equation. This source term is a convolution of horizontal 
velocity gradient and a filter function, which is only 
determined by the properties of the mud. Degenerating 
to the case of a single-layered mud model, the resulting 
equations are consistent with those in literatures.  
As applications of the Boussinesq-type equations (8) 
and (37), the attenuation of linear sinusoidal waves and a 
solitary waves are then studied. For linear sinusoidal 
waves, the present damping rates are consistent with the 
results of (Ng and Zhang 2007) when the model 
degenerates to a single-layered Kelvin-Voigt mud and 
are consistent with the results of (Xia and Zhu 2010) 
when the model degenerates to a single-layered Maxwell 
mud. Since the thickness of the lower mud layer is 
commonly mud thicker than the upper mud layer, the 
damping rate is dominated by properties of the lower 
mud layer. Although the contribution of the upper mud 
layer to the damping rate is small, the existence of the 
upper mud layer may greatly suppress the resonance in 
the lower mud layer and decrease the damping rate. For 
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a solitary wave, the evolution equation of the wave 
amplitude is obtained. Since the wave attenuation is 
dominated by the lower mud layer, the viscosity of the 
lower layer significantly influence the wave attenuation. 
Different from the case of the sinusoidal waves, mud 
depths of the upper and lower mud layer have much 
smaller influence on wave damping. Since the lower 
mud layer is highly elastic, energy absorb and release 
can be observed when the wave crest past. 
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